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1. Introduction

The cross product is  frequently used in Physics and Engineering Mechanics.  However,  the majority of  problems in

education and practice are planar by nature. Therefore they involve only 2D vectors, while the cross product is limited to

3-space .

So, to be a little more specific here:

Cross product is considered harmful with vectors in .

As this paper focuses solely on vectors in Euclidean 2-space, we need to discuss possible representations of the cross

product in two dimensions.

A well known alternative to vectors are complex numbers.  While complex numbers are quite useful to solve planar

problems, they cannot be easily generalized to three dimensions. On the contrary, 2D vectors are just a particular case of

vectors in .

It will be shown below, that coordinate-free vector algebra in  can be done completely without the necessity of the

cross product, which was introduced by Willard Gibbs in his note Elements of Vector Analysis around 1880 [8,10,18].

2. Cross Product Matrix in 

As we intent to eliminate the need for the cross product a closer examination of it in  is done first.

= × = × = (1)

Vector  resulting from the cross product ×  is directed normal to the plane determined by  and , so that ,  and 

build a right-handed system (Fig.1). It is obvious, that in 3-space we cannot uniquely define a vector  orthogonal to

another vector . We rather need two linear independent vectors  and  here to get a vector orthogonal to both.

Fig 1: Cross product

The length of  corresponds to the area of the parallelogram spanned by  and .

Interestingly there is an alternative pure algebraic approach to the cross product. Any vector  in  can be mapped to a

skew-symmetric matrix  by partial derivation of the cross product [1]
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= = . (2)

Now multiplying that matrix with vector , i.e.  yields the same result as the cross product × . For that reason this

matrix is also termed cross product matrix. The tilde operator, that creates the cross product matrix from any 3D vector,

is popular either in kinematics, multi body dynamics and robotics [20,21] as well as in vector graphics [15,25].

2. Orthogonal Operator in 

So how might that cross product matrix help us with vector space  ?

In contrast to 3-space we can find for any single vector in 2-space its unique orthogonal compagnon, as it has to lie in the

x/y-plane also. One way to get the orthogonal vector  to any vector  is utilizing the cross product in combination with

unit vector  normal to x/y-plane

= × = × = . (3)

Chace [9] took advantage of this notation for generalizing the solution of planar vector equations in closed-form. Now the

cross product matrix in this case can be determined analog to (2)

= = = , (4)

which looks somewhat like a skew symmetric version of the 2D unit matrix . If we apply that matrix to vector  its

orthogonal vector is obtained. So  is an Orthogonal Operator in , which for a proof holds ( )( ) = , which can

be easily shown by direct calculation.

The orthogonal operator , first introduced by Angeles [1-3,10], has interesting properties. Its transposed matrix is equal

to its negative matrix ( = − ) due to skew symmetry. Its determinant is det = 1, so  is not only an orthogonal

matrix but also a rotation matrix, rotating any 2D vector by 90° counterclockwise. Multiplication by itself results in the

negative unit matrix ( = − ). The eigenvalues of  are ± , so we have a direct relationship to the imaginary unit of

complex algebra with = −1.

With introduction of an orthogonal operator, vectors in  have been equipped with a complex structure [19].

Skew symmetric nature of the orthogonal operator is taken to denote orthogonal 2D vectors by simply writing the ~

symbol over them now, as in

= .

So the tilde can be viewed as an orthogonal operator by itself and explicite use of the skew symmetric matrix isn't needed

anymore.

Getting the orthogonal 2D vector from another in practice is easy. According to (3) the components simply have to be

exchanged while the new first component is negated.

= = . (4)

Note that this is different from , where  is a skew symmetric matrix. In  it is rather the orthogonal vector to . This,

by the way, corresponds to the fact discussed above, that in order to create an orthogonal vector in , a single vector is
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sufficient, whereas in  two linearly independent vectors are needed.

Use  of  orthogonal  operators,  also  called  perp  operator,  isn't  new  of  course  and  can  be  found  documented  in

[1-4,12,13,16,19,24,25,27]. Interestingly the result of the dot product

= − (5)

is identical to the third component of the cross product in (1), which, as a remarkable result, means:

The cross product in particular as well as any explicite outer product in general can be avoided in vector space 

by using an orthogonal operator in combination with the dot product instead.

The dot product  is a suitable substitute for the cross product in 2-space. Its scalar value is inherited from the cross

product and therefore geometrically equivalent to the signed parallelogram area spanned by vectors  and . This form of

the dot product is commonly called perp dot product  [16,27], sometimes skew product  or due to the latter fact area

product [4].

Orthogonal vectors obey following rules:

(6)

Apart from that, all other known vector rules as commutative, associative and distributive laws will continue to apply.

Regarding the analogy with complex numbers,   corresponds to the real part  and  to the imaginary part  of the

complex product , where  is the complex conjugate of .

3. Vector Equations in 

Vector equations can be treated the same as algebraic equations, as they might be added, subtracted and squared. They

can be multiplied by a scalar quantity. Multiplication of a vector equation with a vector results in a scalar equation.

Multiplying it with a vector again yields a vector equation in turn and so on alternating. Additionally the orthogonal

operator can be applied to planar vector equations.

Any vector  and its orthogonal companion  are building together an orthogonal basis. An arbitrary other vector might

then be expressed as a linear combination of that two

= + . (7)

In order to resolve equation (7) for  the perp operator is applied first

= − . (8)

Equation (7) is multiplied by , equation (8) by , then the latter is subtracted from the first

− = ( + )

which yields the desired result

= . (9)

Equation (7) corresponds to the complex product  and is therefore representing a similarity transformation. Equation
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(9) is equivalent to the complex division. Both relations can be shown by direct calculation in coordinate representation.

4. Identities

Any vector  may also be written as a linear combination of two other non-collinear vectors  and .

= + (10)

The scalar coefficients  and  with given vectors ,  and  can be resolved through multiplying by  and by , which

elegantly eliminates the respective other term.

= − = −

Reintroducing the results to (10) and multiplication by common denominator 

( ) + ( ) + ( ) = ,

finally results - after applying the perp operator to that equation - in the Jacobi Identity

( ) + ( ) + ( ) = . (11)

Vector space  obeys the antisymmetry of its outer product (6) as well as the Jacobi identity (11). By that it

complies with the requirements of being a Lie Algebra [22].

We might proceed in finding identities. An attempt to express the first term in (11) as a linear combination of  and , i.e.

( ) = +

after subsequent multiplication by  and  respectively yields the scalar coefficients = −  and = . Reusing these

coefficients in original equation gets us to the Grassmann Identity then.

( ) = ( ) − ( ) (12)

Cyclic  commutation  of  vectors  in  (12)  with  ↦  and  multiplication  by  vector   leads  to  the  Binet-Cauchy

Identity.

( )( ) = ( )( ) − ( )( ) (13)

For the special case =  and =  equation (13) becomes Lagrange's Identity.

( ) + ( ) = (14)

5. Polar Vector Representation

Any vector can be decomposed to its length and direction represented by its unit vector.

= = .

This is the polar representation of the vector in 2-space, while  is the angle from the positive x-axis to that vector. It

corresponds to the complex polar notation .
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Fig 1: Vector angles

This notation is valuable in geometry and kinematics, as it distinguishable separates lengths and orientations, which may

be assigned individual knowns and unknowns then.

Examining the dot product of two vectors

= = (cos cos + sin sin )

and their perp dot product

= = (cos sin − sin cos ) ,

we get trigonometric expressions for the angle = −  from vector  to vector  after making use of addition theorems

of trigonometry

cos = , sin = , tan = . (15)

Rotating vector  into vector  by angle  is achieved via

= cos + sin (16)

which - as a rotation - is a special case of the similarity transformation (7).

6. Time Dependent Vectors

In Kinematics and Multi Body Dynamics we need to deal with time dependent vectors. Here again the polar representation

is quite useful, since length and/or orientation of a vector may vary with the time.

Differentiating the direction vector  with respect to the time gives

= = = . (17)

So the velocities of the time dependent vector  are

= ( ) = + , (18)

where  the  first  summand  gives  the  translational  velocity  in  vector  direction  and  the  second  summand  means  the

circumferential velocity of the vector rotating with angular velocity .

Further differentiation leads us to the accelerations

= ( ) = ( − ) + ( + 2 ) . (19)

Here again the first summand represents the translational/radial component, whereas the second one is the circumferential

part including the Coriolis term (second summand in parentheses).

Both  velocities  (18)  and  accelarations  (19)  are  variations  of  the  similarity  transformation  (7)  with  respect  to  the
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orthonormal basis built by  and .

7. Conclusion

Abandonment of the cross product with planar vectors and simultaneous introduction of an orthogonal operator is  a

beneficial approach. That small addition to vector operations not only makes an explicite outer product obsolete, but also

proves, that vector space 

is equipped with a complex structure

becomes a Lie Algebra

then. Decomposing a vector =  in a scalar part and unit vector component, representing length and orientation, is

particularly convenient for solving geometric and mechanical problems in a coordinate-free manner, while considerably

reducing the amount of trigonometric functions involved.

The proposal to consequently use the orthogonal operator results in a significant improvement for doing vector algebra in

. This approach has been proven successful in engineering education and practice, as well as computer graphics.
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